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Molecular dynamics simulation of compression-induced solid-to-solid phase transitions
in colloidal monolayers

Jizhong Sun and T. Stirner*
Department of Chemistry, University of Hull, Hull HU6 7RX, United Kingdom

~Received 22 January 2003; published 19 May 2003!

The compression of two-dimensional colloidal monolayers, consisting of polystyrene particles trapped at an
oil-water interface and interacting via dipole-dipole potentials, is investigated by the molecular dynamics
technique. In particular, the pair correlation function and global orientational order parameter of the monolay-
ers are calculated as a function of the particle coverage. The simulation results exhibit a sequence of
hexagonal-to-rhombohedral-to-hexagonal phase transitions of the monolayers under anisotropic compression.
The influence of defects in the monolayers on the solid-to-solid phase transitions is also examined. The
simulations show that the stability of the rhombohedral phase is relatively sensitive to lattice defects, while,
under the same conditions, the hexagonal phase is very stable. Finally, the simulation results are compared with
recent experimental observations, and the implications of the present computer simulations for diffusion
mechanisms and protein folding studies are discussed briefly.
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I. INTRODUCTION

Colloidal particles occur widely in nature and have ma
practical applications in widely diversed technological field
such as inks, detergents, paints, oil recovery, paper and
manufacture@1–3#. Recently, it has been shown that th
presence of colloidal particles at interfaces can drastic
affect the physical properties of the interface, such as
stability of emulsions and foams@4–6#. In addition to the
technological importance, monolayers of charged colloi
particles trapped at an interface~such as air-water or oil-
water! have been proposed as analogs to two-dimensio
condensed-phase atomic systems. Here, the main int
stems from their ability to replicate melting and crystalliz
tion phenomena in two dimensions@7–12#.

Since Pieranski@13# first found that polystyrene particle
are trapped at the air-water interface and form tw
dimensional triangular lattices, much attention has b
drawn to the determination of their physical and thermo
namical properties. Highly uniform microspheres ('0.1–5
mm in diameter! are commercially available. These particl
are large enough to be observable using optical microsc
and their positions and trajectories can therefore be ea
monitored. In addition, the interaction between these p
ticles is relatively simple, which makes these systems v
attractive to theoretical and experimental studies.

In the 1970s, Kosterlitz and Thouless@14#, Halperin and
Nelson@15#, and Young@16# ~KTHNY ! put forward a theory
of defect-mediated melting in which it was proposed that
dissociation of dislocation pairs causes the two-dimensio
solid to melt via sequential, continuous~in contrast to first-
order! phase transitions. Subsequently, many computer si
lation studies, employing the molecular dynamics or Mo
Carlo techniques, were carried out, with some groups@8,12#
claiming support for the KTHNY theory, while other
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@7,9,11# found results that were not consistent with the p
dictions of the KTHNY theory. In these investigations, th
particles trapped at a two-dimensional interface were rep
sented by different interaction potentials. For instance, Ka
and Vashishta@7# used a dipole-dipole interaction potentia
while Frenkel and McTague@8# and Toxvaerd@9# employed
the Lennard-Jones potential to model the particle mono
ers. Zangi and Rice@11# used another interaction potenti
designed to have the features inferred by Marcus and R
@17#. The application of these different interaction potentia
may, in part, be the reason why a consistent conclusion w
regard to the validity of the KTHNY theory has not yet be
drawn @12#. In the experimental study of Armstronget al.
@10#, the system of polystyrene particles of 2.88mm diam-
eter at the air-water interface showed evidence of def
mediated melting and of an intermediate hexatic phase, w
melting in their 1.01-mm system appeared to proceed by
weak first-order transition. This would imply that the diffe
ence in melting behavior between the two samples refle
differences in defect core creation energies which can
traced to the sphere size.

In spite of these controversies, there is no doubt that
fects will play an important role in the physics of pha
transitions. Recently, Aveyardet al. @18# presented detailed
experimental results on the structural variation of hexago
particle monolayers under compression at air-water and
water interfaces. An interesting result of this work was t
observed anisotropic reduction of the lattice constants of
monolayers under compression, i.e., a hexagonal
rhombohedral phase transition. In the present study, we
concerned with a theoretical model of the compression
such two-dimensional particle monolayers at the oil-wa
interface. For this purpose, the molecular dynamics~MD!
technique was employed in the computer simulations. T
primary aims are to investigate the conditions for the occ
rence of solid-to-solid phase transitions, and to establish
role that defects play in the structural stability of the mon
layers. As will become clear in the bulk of the paper, th
also has important implications for diffusion mechanisms
©2003 The American Physical Society07-1
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solids and for the study of the surface activity of antibo
monolayers.

II. COMPUTER SIMULATION DETAILS

In our earlier work@19# we have described an MD mode
to simulate the compression of monolayers of polystyre
particles at an oil-water interface in detail. Possible inter
tion mechanisms between the particles, i.e., charge-cha
charge-dipole, and dipole-dipole interactions, were d
cussed. Attention was then focused on a calculation of
surface pressure of the monolayers, and the results w
compared with the experimental measurements of Avey
et al. @18#. These calculations showed that, for certain e
perimental conditions@18#, there is a significant contribution
from charge-charge interactions for large particle sepa
tions. However, it was also demonstrated@19# that the short-
range particle interactions can be very well approximated
dipole-dipole interactions. Hence, in the present work,
will focus on dipole-dipole interactions only.

In Ref. @19#, we have derived an expression for the int
action energyE between two parallel point dipoles of mo
mentP. Each dipole was assumed to be located on a par
of radiusR, with the center-to-center separation between
particles being denoted byr. The final equation is given by

E5
P2

16p«rR2
@2ln r 2 ln~r 12R!2 ln~r 22R!#, ~1!

where« is the permittivity of the dielectric medium~in the
present case oil with a value of« r52). The interaction en-
ergy in Eq.~1! behaves asr 23 for larger and is employed in
the present MD simulations of the colloidal monolayers
the oil-water interface. In order to make the water–o
particle-monolayer system tractable on a computer, only
interactions between the colloidal particles are evaluate
the MD calculations, while the oil phase is simulated by
static dielectric constant in the particle interaction energ
~only the interactions between the particles through the
phase are considered since the relative permittivity of wa
is 78 at room temperature, compared with a relative perm
tivity of oil of 2 !. The oil-water interface is assumed to b
planar, since we know from the experiments@18# that the
colloidal particles are trapped in a deep surface poten
well, and that monolayer folding and/or corrugations on
occur above the monolayer collapse pressure. In the pre
study, the particles are large enough~particle radiusR
51.3 mm) not to be affected by the Brownian motion. Th
MD simulations of the monolayer compression are p
formed forN51000 colloidal particles in a rectangular ce
with periodic boundary conditions. Convergence tests
this system~i.e., to eliminate finite-size effects! were pub-
lished previously in Ref.@19#. Initially, the particles are dis-
tributed randomly within the simulation cell. Similarly, th
particle velocities are sampled randomly from a Boltzma
distribution @20#. The ratio of the potential to kinetic energ
of the particles was chosen to be relatively large~i.e., 3.77
3106), in order to obtain acceptable run times of the M
computer program on the machine employed for the calc
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tions ~we will come back to this point in the next section!.
The cell areaA is determined by the particle coverage~i.e.,
A5pR2N/coverage). The system is then allowed to rel
into a local equilibrium configuration before the monolay
compression begins.~This procedure is analogous to the e
periments, where the monolayers were left for'15 min–1 h
prior to the start of the measurements@18,21#.! In the experi-
ments@18#, the compression of the monolayers was ani
tropic. Hence, in the MD simulations, the distance betwe
two parallel sides of the simulation cell is reduced slow
which corresponds to an increase in the value of the co
age. The coverage is incremented in steps of 0.05, wh
takes typically 10 000 time steps, with a time step of 40
The system is then equilibrated for'5000 time steps at eac
value of the coverage.

In order to characterize the structure of the colloid
monolayers quantitatively, we have evaluated the pair co
lation function@20#

g~r !5
A

N2 K (
i 51

N

(
j Þ i

N

d~r2r i j !L ~2!

and the global orientational order parameter@11#

F65
1

N (
i 51

N
1

ni
(
j 51

ni

ei6Q i j , ~3!

whereA is the area of the simulation cell,N is the number of
particles,ni is the number of nearest neighbors to particlei,
r i j (5r i2r j ) is the separation between particlesi and j, and
Q i j is the angle betweenr i j and an arbitrary fixed axis
Equation~2! gives the probability of finding a pair of par
ticles a distancer apart, relative to the probability for a com
pletely random distribution at the same particle density. T
quantity uF6u2 is very sensitive to the structural order of th
system. When the monolayer is in a random~‘‘fluidlike’’ !
phase and there is no structural order, the value ofuF6u2
!1. On the other hand,uF6u2 takes a value close to 1, whe
the colloidal particles form a crystal with hexagonal orde

III. RESULTS AND DISCUSSION

A. Compression of particle monolayers

The particle configuration after the initial equilibratio
phase at a coverage of 0.3 is shown in Fig. 1~a!. The corre-
sponding pair correlation function is shown in Fig. 2. As c
be seen, there is good local, hexagonal order in the mo
layer ~the ratios of the lattice constants for the first fo
peaks in Fig. 2 are almost exactly 1:A3:2:A7 corresponding
to perfect hexagonal packing!. However, the monolayer ex
hibits a number of domains of different lattice orientatio
with lattice defects occurring predominantly at the gra
boundaries. Here, some particles have five and some h
seven nearest neighbors. This is shown schematically in
1~b!, which displays the same configuration as Fig. 1~a! ex-
cept that the particles with five nearest neighbors are lab
B, the particles with seven nearest neighbors are labeleN,
while the particles with six nearest neighbors are labeledC.
7-2
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It is interesting to note that most defects occur in pairs~e.g.,
pairs ofB’s usually denote edge dislocations!. This indicates
that defect pairs have a lower energy than two isolated
fects. Similarly, some particles that do have six near
neighbors do not form congruent hexagons with their nei
boring unit cells. In addition, the largest, central domain co
tains several dislocations~clearly visible on inspection o

FIG. 1. ~a! Initial ~relaxed! configuration of the particle mono
layer at the oil-water interface~particle radius R51.3 mm;
coverage50.3!. ~b! Schematic diagram of the coordination numbe
of the particles corresponding to the configuration in~a!. B, C, and
N denote particles having five, six, and seven nearest neighb
respectively.
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e-
st
-
-

Fig. 1 at a very low angle!. Both, the formation of a domain
structure and edge dislocations were also observed in
experiments of Aveyardet al. ~see, e.g., Fig. 3~a! of Ref. 21
and Fig. 7~b! of Ref. @18#!. However, despite these defect
the corresponding pair correlation function~Fig. 2! shows
distinct, sharp peaks at the lattice constants of a hexag
monolayer.

Figure 3 shows the pair correlation function for the ca
where the monolayer of Fig. 1 has been compressed
coverage of 0.35. The pair correlation function for this co
erage is similar to that shown in Fig. 2, except that the m
peaks split into two smaller peaks. This splitting arises fro
the anisotropic compression of the monolayer, which, in tu
leads to a rhombohedral lattice structure. Such
compression-induced hexagonal-to-rhombohedral ph
transition was also observed experimentally by Aveya
et al. @18#. If now the compression of the monolayer in th
rhombohedral phase is continued, then, at a coverage
'0.42, a phase transition back to hexagonal packing occ
This is illustrated by the pair correlation function shown
Fig. 4 corresponding to a coverage of 0.45. As can be s
the pair correlation function displays single, narrow pea
resulting from a very good hexagonal ordering of the mon

rs,

FIG. 2. Pair correlation function for the initial configuration o
the monolayer shown in Fig. 1.

FIG. 3. Pair correlation function of the monolayer shown in F
1 compressed to the particle coverage of 0.35.
7-3
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layer. In addition, all grain boundaries have disappeared
the monolayer is almost defect free.

The process described immediately above~of a
hexagonal-to-rhombohedral-to-hexagonal phase transitio! is
then repeated for increasing coverages. This is illustrate
Fig. 5, which shows the height of the first peak of the p
correlation function~corresponding to the number and dist
bution of nearest-neighbor particles! as a function of cover-
age. Visible in this figure are two distinct maxima~at cover-
ages of '0.45 and 0.55! corresponding to hexagona
packing. The third maximum~at the initial coverage of 0.3!
is much reduced in height compared with the other t
maxima, due to the large number of defects present in
monolayer at this coverage. For intermediate coverages~be-
tween two maxima!, the packing is rhombohedral.

The percentage of defects in the monolayer~defined as
the ratio of the number of particles having either five
seven nearest neighbors to the total number of particles! as a
function of coverage is shown in Fig. 6. As mentioned abo
the number of defects decreases dramatically at the
rhombohedral-to-hexagonal phase transition point~at a cov-
erage of'0.42). In contrast to this, the second compressi
induced rhombohedral-to-hexagonal phase transition~at a

FIG. 4. Pair correlation function of the monolayer shown in F
1 compressed to the particle coverage of 0.45.

FIG. 5. Height of the first peak of the pair correlation functio
corresponding to the monolayer shown in Fig. 1 as a function of
particle coverage~representing the compression of the monolaye!.
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coverage of'0.55) gives rise to only a slight decrease in t
number of defects, mainly because the intermediate rhom
hedral phase is already of very high structural quality. W
note here that the absolute magnitude of the percentag
defects is somewhat arbitrary since it depends on the e
initial particle configuration~which is chosen randomly in
the present calculations!. However, the occurrence of tw
consecutive hexagonal-to-rhombohedral-to-hexagonal ph
transitions is independent of the exact choice of initial co
figuration. Similarly, the global orientational order parame
for the monolayer, shown in Fig. 7, increases to a value
uF6u2'0.97 beyond the first rhombohedral-to-hexagon
phase transition point, which reflects the good, long-ran
orientational order of the compressed lattice structure. T
magnitude ofuF6u2 is mainly affected by two structural char
acteristics of the monolayer. First, the number of lattice
fects, i.e., a larger number of defects gives rise to a sma
value of uF6u2 since defects disrupt the order of the triang
lar lattice. Second, the deformation of hexagons, i.e., e
for a monolayer without defects, the deformation of t
hexagons gives rise to a decrease in the value ofuF6u2. For
example, the low values ofuF6u2 in Fig. 7 for coverages

.

e

FIG. 6. Percentage of defects~particles having either five or
seven nearest neighbors! as a function of coverage for the mono
layer of Fig. 1.

FIG. 7. Modulus squared of the global orientational order p
rameter versus particles coverage for the monolayer of Fig. 1.
7-4
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MOLECULAR DYNAMICS SIMULATION OF . . . PHYSICALREVIEW E 67, 051107 ~2003!
below '0.4 result mainly from a high percentage of defe
~cf. Fig. 6!, whereas the reduction ofuF6u2 for coverages
between 0.6 and 0.67 arises mainly from the deformation
the triangular lattice under compression. It is interesting
note that the behavior shown in Figs. 6 and 7 is very sim
to the liquid-to-hexatic phase transition observed in the M
simulations of Zangi and Rice@11# and Terao and Nakayam
@12#.

B. Schottky defects

We will now examine the influence of lattice imperfe
tions on the stability of the monolayers in more detail. F
this purpose, we have introduced a Schottky defect by
moving a single particle from an otherwise perfect mon
layer. The vacancy is created near the center of the sim
tion cell and the remaining particles are then allowed to re
into the nearest local equilibrium configuration. For a he
agonal lattice at a particle coverage of 0.3 we find that
creation of a vacancy does not impede the stability of
monolayer. The only effect of the vacancy is the displa
ment of neighboring particles in the direction of the defe
This is illustrated in Fig. 8, which shows the root-mea
square displacement of the particles adjacent to the vaca
As can be seen, the displacement, in particular of the nea
neighbors, is significant~i.e., over 60% of the particle ra
dius!. However, the displacement of next-nearest neighb
etc., is much smaller and decreases rapidly as their dist
from the vacancy increases. This behavior was also foun
the theoretical studies of Fisheret al. @22#, Cockayne and
Elser @23# and Freyet al. @24#, and was recently observe
experimentally by Pertsinidis and Ling@25#, who used an
optical tweezer method to create a vacancy in a monolaye
0.36-mm diameter polystyrene-sulphate microspheres c
fined between two fused-silica substrates separated
'2 mm.

In stark contrast to this, we find that, on repeating
above procedure for a monolayer which is anisotropica
compressed to the coverage of 0.35, the whole lattice r
ranges such as to expel the vacancy from the simulation

FIG. 8. Root-mean-square displacement of the particles adja
to the vacancy~coverage50.3!. The first peak corresponds to th
displacement of the nearest neighbors, the second peak to the
nearest neighbors, etc.
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The initial and final configurations for this scenario a
shown in Fig. 9~where the empty circles represent the init
configuration and the stars the final, energy-minimized c
figuration!. The corresponding pair correlation functions a
shown in Fig. 10. As can be seen, both the initial@Fig. 10~a!#
and the final@Fig. 10~b!# configurations are rhombohedrall
packed~cf. Fig. 3!. However, the relaxation of this mono
layer ~i.e., Fig. 9! leads to a reduction of the potential ener
by 0.5%, while the relaxation of the monolayer correspon
ing to Fig. 8 ~for a coverage of 0.3! leads to a potentia
energy reduction by only 0.04%~although its total potentia
energy is, of course, lower!.

The MD runs for higher particle coverages show simi
results. In general, if a configuration is initially close to he
agonal packing, only the nearest neighbors of the vaca
relax, whereas if a configuration is initially in rhombohedr
packing, the monolayer rearranges completely in order
expel the vacancy. For example, if the monolayer at the c
erage of 0.35~already in rhombohedral packing! is further
compressed to the coverage of 0.4, the monolayer rest
close to hexagonal packing during the compression. If the
vacancy is created and the monolayer is allowed to re
isothermally, only the particles in the vicinity of the vacan
will relax. This is shown in Fig. 11~where again the empty
circles represent the initial configuration and the stars rep
sent the final configuration!, although, as can be seen, th
displacement of these particles is quite large and extens
Furthermore, it is remarkable how groups of particles se

nt

xt-

FIG. 9. Configurations of the monolayer at the coverage of 0.
The initial configuration of the monolayer~empty circles! was ob-
tained by compressing a perfect hexagonal monolayer~of coverage
50.3! anisotropically and then removing a particle. The final co
figuration, obtained after isothermal relaxation, is represented
stars.
7-5
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J. SUN AND T. STIRNER PHYSICAL REVIEW E67, 051107 ~2003!
to move collectively along certain lattice orientations in F
11. Fundamentally, this behavior is, of course, due to the
that for the present system, hexagonal packing is energ
cally favorable in comparison with rhombohedral packin
Anisotropic compression necessarily leads to rhombohe
packing, after which, in general, the system attempts to
store to hexagonal packing~or at least to a configuration tha
is close to hexagonal packing!. However, for the transition
from rhombohedral to hexagonal packing to occur, there
an energy barrier to overcome. Arising from the convers
of the work done by moving the simulation cell boundary
compression~or, equivalently, the Langmuir trough wall i
the experiments@21#!, the monolayer system possesses a c
tain amount of excess lattice strain energy~i.e., the energy
difference between the rhombohedral and the hexag
phase!. The simulation results discussed in Sec. III A ha
already demonstrated that the buildup of this lattice str
energy on compression of the monolayer can, eventu
lead to a phase transition if the excess strain energy exc
the energy barrier between the rhombohedral and the re
ing hexagonal phase. As the excess strain energy is rele
the monolayer relaxes into a local equilibrium configuratio
Now, the purpose of creating a vacancy in the monolaye
to introduce an energy perturbation to the system. If
monolayer is already on the brink of a phase transition,
small energy perturbation will trigger the phase transition.
was shown in Fig. 8, at the coverage of 0.3~for a hexagonal

FIG. 10. Pair correlation functions of the monolayers shown
Fig. 9 ~a! before and~b! after the isothermal relaxation.
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structure! the presence of a vacancy only gives rise to a lo
particle relaxation, while at the coverage of 0.35~for a rhom-
bohedral structure! the vacancy triggers the phase transiti
~cf. Fig. 9!. Since imperfect hexagonal structures conta
even more lattice strain energy~at the same coverage!, the
particles have a high propensity to rearrange in order to fo
a more stable configuration. In addition, the results descri
in this section show that the presence of vacancies can
ger such phase transitions at even lower coverages.

Finally, we note again that the calculations presented h
were carried out for a relatively large ratio of the potential
kinetic energy of the particles~of 3.773106), which facili-
tates the MD simulations in terms of the CPU time requir
to achieve equilibration. A system with such a high ratio
potential to kinetic energy is crystalline@26#. We have re-
peated the calculations for lower ratios, and have found
the main results described in this paper are essentially
changed, although their magnitudes~in particular, with re-
spect to the large-scale particle rearrangements! are greatly
reduced. This can be easily understood since, for lower ra
of the potential to kinetic energy, the interactions betwe
the particles are weaker.

IV. CONCLUSIONS

Molecular dynamics simulations of the compression
colloidal monolayers at the oil-water interface have been p
formed in order to investigate the occurrence of solid-
solid phase transitions and the role that defects play w
regard to the stability of the monolayers. It was found th
the compression of the monolayers has ‘‘healing’’ effects

FIG. 11. Initial configuration~empty circles! of the monolayer
containing a vacancy at a coverage of 0.4 and final configura
~stars! after the isothermal relaxation.
7-6
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MOLECULAR DYNAMICS SIMULATION OF . . . PHYSICALREVIEW E 67, 051107 ~2003!
imperfections in the monolayers, i.e., initial defects van
rapidly as the compression proceeds. The MD simulati
also showed that an anisotropically compressed monol
undergoes a sequence of hexagonal-to-rhombohedra
hexagonal phase transitions. The number of defects h
direct influence on the occurrence of these phase transiti
e.g., phase transitions from hexagonal to rhombohedral p
ing are less likely to occur if the monolayers abound w
defects~in which case the lattice spacings are more likely
reduce isotropically!. However, when a monolayer has rel
tively few defects, it was found that transitions from hexag
nal to rhombohedral packing occur readily under compr
sion. Recently, such solid-to-solid phase transitions were
observed in the compression of antibody monolayers~e.g.,
monolayers of immunoglobulin G macromolecules at the
water interface@27#!, which can be employed to study th
surface activity and unfolding of proteins@28#.

Next, a vacancy was created in an otherwise per
monolayer in order to introduce an energy perturbation. H
it was found that the vacancy can persist in a hexago
ce

er

rd

s.:
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lattice. However, if the strain energy of a rhombohedral l
tice is sufficiently large, the vacancy formation can lead t
rearrangement of the particles and the concomitant expul
of the vacancy.

Recently, there has been increased interest in the inv
gation of the diffusion of point defects in two-dimension
colloidal crystals@25#. In three-dimensionalsystems, diffu-
sion is thought to occur via sequential, single-particle ho
ping mechanisms~e.g., direct exchange, monovacancy, int
stitial, interstitialcy, divacancy mechanisms, etc.@29#!.
However, the present results would indicate that in strain
two-dimensionalsystems, diffusion can also occur via th
collective motion of many particles. Although one has to
careful in generalizing results to higher dimensions@30#, it is
conceivable that the generic features of the two-dimensio
diffusion mechanisms found in the present work may a
apply to three dimensions. This would be particularly sign
cant for low-dimensional semiconductor devices fabrica
by nonequilibrium growth techniques~such as molecular
beam epitaxy!.
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